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Abstract
In this paper, we continue to study one of the classic problems in general
topology raised by P.S. Alexandrov: when a Hausdorff space X has a con-
tinuous bijection (a condensation) onto a compactum? We concentrate on
the situation when not only X but also X \ Y can be condensed onto a
compactum whenever the cardinality of Y does not exceed certain τ .
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Introduction
The question of when each space from class A admits a continuous bi-
jection (such map is called a condensation) onto some space from class B is
one of the natural questions in general theory, the subject of which is the
study of relations between classes of spaces, performed by various types of
mappings.
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In 1937 S. Banach posed a problem which can be formulated equiva-
lently: when can a metric space have a condensation onto a compact metric
space? Independently, the following more general question is attributed to
P.S. Alexandrov: when a Hausdorff space X has a condensation onto a com-
pactum?
It is natural to call such spaces as subcompact spaces. One of the first
and strong results were obtained by M. Katetov [16]: an H-closed Urysohn
space is subcompact.
In the future, an active study of Hausdorff spaces which admit a conden-
sation onto a compactum was continued in the works of I.L. Raukhvarger
[31], V.V. Proizvolov [25], A.S. Parhomenko [22, 23], Y.M. Smirnov [34],
N. Hadzhiivanov [36], V.K. Bel’nov [9], A.V. Arhangel’skii [4, 5], O. Pavlov
[5], V.I. Belugin [10, 11], E.G. Pytkeev [21, 27, 28, 29], W.Kulpa and M.
Turzan´ski [17], H. Reiter [32], W.W. Comfort, A.W. Hager and J. van Mill
[13] and many other authors.
The fact that X \Y can be condensed onto a compactum for every count-
able Y was established for metrizable compacta by Raukhvarger [31], for
products of metrizable compacta by Proizvolov [25], for diadic compacta by
Belugin [10], for weakly diadic compacta (including polyadic and centered
spaces) by Kulpa and Turzanski [17], for zero-dimensional first countable
compacta by Belugin [11]. On the other hand Ponomarev [6] proved that if
we remove from the remainder ω∗ = βω \ ω of the Cˇech-Stone compactifi-
cation of ω, a countable subset D then ω∗ \ D has no condensation onto a
compactum.
It is well known that any locally compact admits a condensation onto a
compactum (Parhomenko’s Theorem) [23]. It turned out that condensations
onto a compactum are relatively rare. At the same time, the most promising
way of research appeared to be the one started in [31]. I.L. Raukhvarger
proved that for any metric compact space X and C ∈ [X ]ω, the space X \C
admits a condensation P onto some compact space YC. The condensation
P : X \ C → YC is a quotient map (projection) where the decomposition
space YC is obtained from X by identifying the points belonging to the same
member of the decomposition D = {(c, a) : c ∈ C, a ∈ A} ∪ {{b} : b ∈
X \ (C ∪A)} for a countable set A ⊂ X \C. Clearly, the condensation P can
be extended to a continuous map P˜ : X → YC . This method (continuous
decompositions) is quite effective in the study condensations onto compact
spaces. For example, by the method of continuous decomposition, it was
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proved that any weakly diadic is a strictly a-space [17].
In this paper, we concentrate on the situation when not only X but also
X \ Y can be condensed onto a compactum whenever the cardinality of Y
does not exceed certain τ .
1. Main definitions and notation
In this paper, all considered spaces are assumed to be Hausdorff topolog-
ical spaces. We use a quotient space and related concepts.
Let Y be a set. For a space X and a surjection f : X → Y , let τ(f) =
{U ⊂ Y : f−1(U) is open in X}. Then τ(f) is called the quotient topology for
Y determined by f . Let X and Y be topological spaces. Let f : X → Y be
a surjection. Then f is called a quotient map if the topology in Y is exactly
τ(f); that is, U is open in Y if and only if f−1(U) is open in X . The space
Y is called the quotient space of X by f [37].
Let X be a set. Let D be a decomposition of X ; that is, D is a cover
of X such that any two distinct members are disjoint. Let P : X → D
be the projection (i.e., P maps each point x ∈ X to the unique member of
D containing x). Let X(D) be the space D having the quotient topology
determined by P (i.e., D′ ⊂ D is open in X(D) if and only if P−1(D′) is
open in X). The space X(D) is called the decomposition space of X by D.
Namely, the decomposition space X(D) is obtained from X by identifying
the points belonging to the same member of D, and a subset of X(D) is open
if and only if its inverse image by the projection P is open in X . The set
A ⊂ X is called saturated with respect to the decomposition D, if A is the
union of some set of elements of D (i.e. for any element T ∈ D if T
⋂
A 6= ∅,
then T ⊆ A) [37].
A decomposition D of a space X is called continuous if for any T ∈ D
and for any open set U ⊇ T there is an open saturated set V such that
T ⊆ V ⊆ U [1, 19].
P.S. Alexandrov and H. Hopf proved that a decomposition D of a space
X is continuous if and only if the projection P : X → X(D) is a closed map
[3]. Using this result, it is easy to prove that the quotient space X(D) of a
compact Hausdorff space X is a compact Hausdorff space if and only if the
decomposition D is continuous and consists of closed subsets of X .
In this paper, we use the following notations: ω - the first infinite ordinal,
ω1 - the first uncountable ordinal, ℵ0 - the first infinite cardinal number,
Q, N and R are, as usual, the set of rational, natural and real numbers,
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respectively. For an arbitrary set A and a cardinal number τ , [A]≤τ ( [A]<τ )
will denote the set of all subsets of the set A of the cardinality ≤ τ (< τ). A
space X is non-trivial provided that |X| > 1.
In [18](Theorem 10) S. Iliadis proved the following theorem.
Theorem 1.1. (S. Iliadis) Let γX be a extremally disconnected compacti-
fication of a space X such that the remainder X∗ = γX \ X of cardinality
< 2c. Then X is not subcompact space.
We use the particular case of this theorem: Let X be an extremally
disconnected compact space without isolated points and C ∈ [X ]ω. Then
X \ C is not subcompact space.
Let τ be an infinite cardinal number.
• A compact space X is called an aτ -space provided that for each C ∈
[X ]≤τ there is a condensation from X \ C onto a compactum [12].
In particular, for τ = ℵ0, a compact space X is called an a-space [11].
• A compact space X is called an strictly aτ -space provided that for each
C ∈ [X ]≤τ there is a condensation f from X \ C onto a compact space Y
that f can be extended to a continuous map f˜ : X → Y [12].
Note that any strictly aτ -space is an aτ -space and is a strictly aη-space
for any η ≤ τ . For τ = ℵ0, a compact space X is called a strictly a-space
[11].
A natural extension of the classes of aτ - and strictly aτ -spaces are classes
of (strictly) aτ -subcompact and almost (strictly) aτ -subcompact spaces.
Definition 1.2. Let τ be an infinite cardinal number.
• A space X is called aτ -subcompact provided that for each C ∈ [X ]
≤τ
there is a condensation from X \ C onto an aτ -space.
• A space X is called strictly aτ -subcompact provided that for each C ∈
[X ]≤τ there is a condensation f from X \ C onto a strictly aτ -space Y that
f can be extended to a continuous map f˜ : X → Y .
• A space X is called almost aτ -subcompact provided that for each C ∈
[X ]≤τ there is a condensation from X \ C onto a compact space.
• A space X is called almost strictly aτ -subcompact provided that for each
C ∈ [X ]≤τ there is a condensation f from X \ C onto a compact space Y
that f can be extended to a continuous map f˜ : X → Y .
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Note that for an arbitrary τ ≥ ℵ0, the following implications are true:
strictly aτ -space −→ aτ -space
↓ ↓
strictly aτ -subcompact space −→ aτ -subcompact space
↓ ↓
almost strictly aτ -subcompact space −→ almost aτ -subcompact space
Diagram 1.
Further, we prove the strictness of all the implications in the Diagram 1.
Proposition 1.3. Let X be an (strictly) aτ -subcompact space and C ∈ [X ]
≤τ .
Then X \ C is an (strictly) aτ -subcompact space.
In particular, a space X \C is an (strictly) aτ -subcompact space for any
(strictly) aτ -space X and C ∈ [X ]
≤τ .
Proposition 1.4. There exists an (strictly) a-subcompact space X such that
it is not homeomorphic to Y \ C where Y is an (strictly) a-space and C ∈
[Y ]≤ω.
Proof. In [26], it was proved that any non-σ-compact Borel subset of a Polish
space admits a condensation onto a metric compact space. Consider any
Borel subset X of a Polish space that has a Borel order higher than the first.
Since, for any S ∈ [X ]≤ω, the space X \ S is Borel not σ-compact subset of
a Polish space , by Theorem 1 in [26], X \S admits a condensation onto Iℵ0 .
Hence, X is an (strictly) a-subcompact space.
Assume that X is homeomorphic to Y \C where Y is an (strictly) a-space
and C ∈ [Y ]≤ω. Then Y \ C is a Gδ-set in Y and, hence, Y \ C is a Polish
space. It follows that X is Polish and it has a Borel order equal to 1.
Theorem 1.5. There is an almost strictly aτ -subcompact space which is not
aτ -subcompact.
Proof. Consider X = D
⊕
K, where D is a discrete set of cardinality τ+
and K is an extremally disconnected compact space without isolated points
of cardinality (22
τ
+
)+. We prove that X is almost strictly aτ -subcompact.
Let E ∈ [X ]≤τ . Put A = E ∩D and B = E ∩K. Choose C ⊂ D \ A such
that |C| = |B|. Denote D1 = D \ (A ∪ C). Let d0 ∈ D1 and let D
∗
1 be a
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one-point compactification of D1 \ {d0}, where d0 is not-isolated point of the
compact space D∗1. Put X1 = D
∗
1 ∪K. Let ψ be a bijection between C and
B. Construct a condensation ϕ : X \ (A ∪ B) → D∗1 ∪ K by the following
rule
ϕ(x) =
{
ψ(x), x ∈ C,
x, x ∈ (K \B) ∪D1.
The continuous function ϕ be extended to the continuous function f :
X → D∗1 ∪K where for fix k ∈ K
f(x) =

ψ(x), x /∈ (A ∪ B),
x, x ∈ B,
k, x ∈ A.
Note that X cannot be condensed onto an aτ - space. Suppose f : X → T
is a condensation from the space X onto an aτ -space T . Since |f(D)| ≤
22
τ
+
, there is W ⊂ T \ f(D) such that W is open-closed in f(K) (f(K)
is homeomorphic to K). Hence, W is an extremally disconnected compact
space without isolated points. Let S be a countable subset of W . We show
that T \S cannot be condensed onto a compact space. Indeed, let g : T \S →
B be a condensation where B is compact. Then T \W is compact, hence,
g(T \W ) is compact, and B \ g(T \W ) is locally compact. By Theorem in
[23], the space B \ g(T \W ) (and, hence, W \S) admits a condensation onto
a compactum. This contradicts of Theorem 1.1.
2. Main results
Proposition 2.1. Let X admits a condensation onto a strictly aτ -space for
some τ ≥ ℵ0. Then X is strictly aτ -subcompact.
Proof. Let f : X → Y be a condensation from a space X onto a strictly
aτ -subcompact space Y . Take any S ∈ [X ]
≤τ . Then there is a condensation
h : Y \ f(S) → K where K is compact, such that h can be extended to a
continuous map h˜ : Y → K. Note that h˜ ◦ f is a continuous extension over
X of the condensation h ◦ (f ↾ (X \ S)) : X \ S → K.
In 1970 S.Mro´wka [20] generalized the class of dyadic spaces defining the
class of polyadic spaces (= the continuous images of the products of the one
point compactifications of discrete spaces).
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In paper [17] W.Kulpa and M.Turzan´ski introduced the class of weakly
dyadic spaces.
Let T be an infinite set. Denote a Cantor cube by
DT := {p : p : T → {0, 1}}. For s ⊂ T and p ∈ DT we shall use the
following notation
Gs(p) := {f ∈ D
T : f ↾ s = p ↾ s and p−1(0) ⊂ f−1(0)}.
Definition 2.2. ([17])
• A subset X ⊂ DT is said to be an ω-set iff for each p ∈ X there exists
an s ⊂ T such that |s| ≤ ω and Gs(p) ⊂ X .
• A space Y is said to be a weakly dyadic space if Y is a continuous image
of a compact ω-set in DT .
The class of all weakly diadic spaces contains the class of all centered
spaces in sense of Bell [8] which in turn, contains the class of all polyadic
spaces. Kulpa and Turzan´ski proved that a weakly dyadic space is a strictly
a-space (Lemma 2 and Theorem in [17]).
Corollary 2.3. Suppose that X admits a condensation onto a weakly diadic
space. Then X is a strictly a-space.
Theorem 2.4. Let X = Z
⊕
(
⊕
{Xα : α ∈ A}), where |A| = τ , Xα is an
aτ - space, |Xα| > τ for every α ∈ A and Z is compact. Then X is almost
aτ -subcompact.
Proof. Let S ∈ [X ]≤τ . Without loss of generality we can assume that S ⊆ Z.
Otherwise, for every α ∈ A there is a condensation ϕα from Xα \ S onto a
compactum. Then we can consider the space Z
⊕
(
⊕
{ϕ(Xα \ S) : α ∈ A})
where the restriction ϕ ↾ (Xα \ S) = ϕα for every α ∈ A.
Note that the space
⊕
{Xα : α ∈ T} is locally compact for any T ⊂
A, and, by Parhomenko’s Theorem [23], it admits a condensation onto a
compactum. Thus, if |S| < |A|, then we can consider the space P =
Z
⊕
(
⊕
{Xα : α ∈ B}) where B ⊂ A and |B| = |S|. Let S = {sα : α ∈ B}.
Further, we suppose that X = P and |S| = |A|.
We prove that X \ S is subcompact. For any α ∈ A we choose a point
pα ∈ Xα. On the set X \S define the topology τ
′, topologize X \S by letting
sets:
1. V x = (Ox∪ (∪{Xα : sα ∈ Ox}))∩ (X \S) where Ox is a neighborhood
of x in X such that Ox∩{pα : α ∈ A} = ∅, be basic neighborhood of a point
x ∈ (X \ S) \ {pα : α ∈ A};
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2. V pα = (Opα ∪ Osα) ∪ (∪{Xβ : sβ ∈ Osα \ sα}) ∩ (X \ S) where
Opα ⊆ Xα is a neighborhood of pα in X and Osα is a neighborhood of sα in
X , be basic neighborhood of a point pα for each α ∈ A.
Note that (X \S, τ ′) is a Hausdorff space and X \S admits a condensation
onto (X \ S, τ ′). It remains to prove that (X \ S, τ ′) is compact.
We show that any infinite set M ⊆ X \ S has a complete accumulation
point in topology τ ′.
Perhaps |M ∩ Z| = |M |. The set M has a complete accumulation point
z in the compact space Z. If z /∈ S, then z is a complete accumulation
point of M in (X \ S, τ ′); if z ∈ S, then z = sα for some α ∈ A. Any basic
neighborhood of pα includes some neighborhood Osα of sα and, hence, the
point pα is a complete accumulation point of M in the topology τ
′.
Further, we assume that |M ∩ Z| < |M |.
If there is an index α such that |M∩Xα| = |M |, then a complete accumu-
lation point x of the setM∩Xα will be a complete accumulation point ofM in
(X \S, τ ′). If there is no such index, then |{α :M ∩Xα 6= ∅}| = |M |. The set
{sα :M∩Xα 6= ∅} has the same cardinality asM . The set {sα :M∩Xα 6= ∅}
has a complete accumulation point x in Z. If x ∈ Z \ S, then x will be a
complete accumulation point of M in (X \ S, τ ′) because V x includes all
Xα for sα ∈ Ox for any neighborhood Ox of x. If x = sα0 , then the basic
neighborhood V pα0 includes all Xα for sα ∈ Osα0 for any neighborhood Osα0
and, hence, pα0 is a complete accumulation point of the set M .
Note that in the previous theorem we also proved the following proposi-
tion.
Proposition 2.5. Let X = Z
⊕
(
⊕
{Xα : α ∈ A}), where Xα is a non-
empty compact space for each α ∈ A , |A| = τ , Z is compact and S ∈ [Z]≤τ .
Then X \ S is subcompact.
Definition 2.6. A space X is called almost a<τ -subcompact, if for any C ∈
[X ]<τ there is a condensation of X \ C onto a compactum.
Theorem 2.7. Let Xα be a non-empty compact space for any α ∈ A, where
|A| = τ . Then X =
⊕
{Xα : α ∈ A} is almost a<τ -subcompact.
Proof. Let S ∈ [X ]<τ . Then the set of indexes B = {α ∈ A : Xα ∩ S = ∅}
has the cardinality τ . The set X1 =
⊕
{Xα : α ∈ A \ B} is a locally
compact space. By the theorem of Parkhomenko [23], there is a condensation
ϕ : X1 → Z from the space X1 onto a compact space Z. By Proposition 2.5,
the space Z
⊕
(
⊕
{Xα : α ∈ B}) \ ϕ(S) is subcompact.
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We recall the definition of
∑
τ - product of spaces for τ ≥ ℵ0. Let {Xλ :
λ ∈ Λ} be a family of topological spaces. Let X =
∏
{Xλ : λ ∈ Λ} be the
Cartesian product with the Tychonoff topology. Take a point p = (pλ)λ∈Λ ∈
X . For each x = (xλ)λ∈Λ ∈ X , let Supp(x) = {λ ∈ Λ : xλ 6= pλ}. Then
the subspace
∑
τ (p) = {x ∈ X : |Supp(x)| ≤ τ} of X is called
∑
τ - product
{Xλ : λ ∈ Λ} about p. The subspace {x ∈ X : |Supp(x)| < ℵ0} of X is called
σ- product. In 1959, H.H. Corson [14] introduced the definitions of
∑
ℵ0
−
products and σ-products and studied these spaces.
Further, we study the property of the subcompactness of
∑
τ - (σ-) prod-
ucts of compacta for any τ ≥ ℵ0.
Proposition 2.8. Let X be
∑
τ -product {Xβ : β ∈ B} of non-trivial com-
pacta Xβ of density at most τ and |B| ≥ τ
+. Then X is not subcompact.
Proof. On the contrary, let f : X → K be a condensation from X onto a
compact space K. Since X is a τ - bounded space (the closure of any set of
cardinality at most τ is compact), then the space K is a τ - bounded space.
Consider two cases:
(1) d(K) > τ . Since K is a τ -bounded space, there is a family {Kα :
α < τ+} of compact subsets of K, such that Kα ⊂ Kβ for α < β and
d(Kα) ≤ τ . For each Kα, there is a compact subset Yα of X such that
f(Yα) ⊇ Kα. Since Yα depends on τ coordinates in
∑
τ -product X and
α < τ+, then
⋃
α<τ+
Yα ⊂ Y ⊂ X , where Y is
∑
τ -product of compacta Xβ(α),
where Yα ⊆ Xβ(α) and d(Xβ(α)) ≤ τ for each α < τ
+.
Note that βY =
∏
{Xβ(α) : α < τ
+} where βY is the Stone-Cˇech com-
pactification of the space Y [6]. Since Xβ(α) is a compact space of density at
most τ for each α < τ+, then, by the Hewitt- Marczewski-Pondiczery the-
orem (Theorem 2.3.15 in [15]), the space βY has a density at most τ . The
condensation f ↾ Y : Y → f(Y ) can be extended to the continuous function
h : βY → f(Y ). It follows that f(Y ) is of density at most τ and it contains
an increasing transfinite sequence {Kα : α < τ
+}. Contradiction.
(2) d(K) ≤ τ . Let S be a dense subset of the space K and |S| ≤ τ .
Consider the subset f−1(S) of X . Since each point x ∈ f−1(S) depends on
τ coordinates α, then the set f−1(S) also depends on τ coordinates {αs :
s ∈ L}, |L| ≤ τ . Hence, f−1(S) ⊂ Z =
∏
{Xαs : s ∈ L}. Note that Z is a
compact space of density at most τ and f(Z) = K. Since X 6= Z and f is
an injective mapping, we get a contradiction.
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Corollary 2.9. An uncountable
∑
-product of non-trivial metrizable com-
pacta is not subcompact.
Question 1. LetX be
∑
τ -product {Xβ : β ∈ B} of non-trivial compacta
Xβ of density (or weight) ≥ τ
+ for each β ∈ B and |B| ≥ τ+. Will X be a
subcompact space?
Theorem 2.10. Let X be an infinite σ-product of compacta. Then X is not
subcompact.
Proof. Since X is an infinite σ-product of compacta, it is a countable union
of compacta with an empty interior (X is a space of the first category) and,
hence, X cannot be condensed onto a compactum (a compact space is a space
of the second category).
Note that the inverse limit of an inverse system of (strictly) a-spaces may
not be an a-space. Indeed, let X be a compact space that is not an a-space.
Since X is a subset of Iα, where I = [0, 1] and α = w(X), the space X can be
represented as the inverse limit of an inverse system of S = {Iβ, piσβ , ω1}, where
β ≤ σ, β, σ ∈ ω1, pi
σ
β : piσ(X) → piβ(X) and piη : X → I
η is the projection
for η ∈ ω1. Note that I
η is a metrizable compact space (an a-space) for each
η ∈ ω1, but X = lim
←
S is not an a-space.
The following theorem was proved in [30](Theorem 1).
Theorem 2.11. Let {Xα : α ∈ Λ} be a family of non-empty Tychonoff
spaces, w(Xα) ≤ τ for each α ∈ Λ and |Λ| = 2
τ . Then
⊕
{Xα : α ∈ Λ}
admits a condensation onto Iτ .
Recall that the i-weight iw(X) of a space X is the smallest infinite car-
dinal number κ such that X can be mapped by a one-to-one continuous
mapping onto a space of the weight not greater than κ.
Theorem 2.12. Let {Xα : α ∈ Λ} be a family of non-empty spaces, iw(Xα) ≤
τ for each α ∈ Λ and |Λ| = 2τ . Then
⊕
{Xα : α ∈ Λ} is a<2τ -subcompact.
Proof. Let S ∈ [X ]<2
τ
where X =
⊕
{Xα : α ∈ Λ}. Since iw(Xα) ≤ τ , for
each α ∈ Λ, there is a condensation Xα onto a Tychonoff space Yα of the
weight ≤ τ . Let Y =
⊕
{Yα : α ∈ Λ}. Then there is a condensation f : X →
Y . Since w(Yα \ f(S)) ≤ τ for each α ∈ Λ and |{α : Yα \ f(S) 6= ∅}| = 2
τ ,
then, by Theorem 2.11, Y \ f(S) admits a condensation onto Iτ .
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Recall that the absolute aX of a topological space X is the set of con-
verging ultrafilters and the natural map piX : aX → X simply assigns the
limit to each ultrafilter [24].
Example 2.13. There is a compact spaceX with χ(x,X) > τ (or piχ(x,X) >
τ) for each x ∈ X such that it is not aτ -space.
Proof. Let Z be a compact space such that χ(z, Z) > τ (piχ(z, Z) > τ) for
each z ∈ Z. Let X = aZ be the absolute of Z. Then X is an extremally
disconnected compact space and χ(x,X) > τ (piχ(x,X) > τ) for each x ∈ X .
By Theorem 1.1, X is not aτ -space. Indeed, it is sufficient to consider X \S,
where S ∈ [X ]≤τ .
Example 2.14. There are a compact non-aτ -space X and an irreducible
continuous mapping of X onto Iτ .
Proof. Let X = aIτ be the absolute of the space Iτ . The natural map piIτ :
X → Iτ is an irreducible continuous surjection. Then, by Theorem 1.1, the
space X \ C where C ∈ [X ]ω is not subcompact.
Theorem 2.15. Let X =
⊕
{Xα : α ∈ Λ}
⋃
{ξ} where Xα is a compact
space for each α ∈ Λ and a basic neighborhood of ξ contains of all but finitely
many sets Xα. The space X is an (strongly) aτ -space if and only if Xα is an
(strongly) aτ -space for each α ∈ Λ.
Proof. (⇒) Let X be a (strictly) aτ -space for some cardinal number τ , β ∈ Λ
and S ∈ [Xβ]
≤τ . Since X is a (strictly) aτ -space, there is a condensation
f : X \S → Z from X \S onto a compact space Z. Then the compact space
X \Xβ is homeomorphic to the compact space f(X \Xβ). It follows that the
space f(Xβ \ S) = Z \ f(X \Xβ) is locally compact and, by Parhomenko’s
Theorem [23], it admits a condensation onto a compact space.
(⇐) Let Xα be an (strictly) aτ -space for each α ∈ Λ and some cardinal
number τ . Let S ∈ [X ]≤τ . For each α ∈ Λ there exists a condensation
fα : Xα \ S → Kα, where Kα is compact.
1. ξ ∈ S. Then X \ S admits a condensation f onto a locally compact
space Y =
⊕
{Kα : α ∈ Λ} so that f ↾ (Xα \ S) = fα for each α ∈ Λ. By
Parhomenko’s Theorem [23], Y admits a condensation onto a compactum.
2. ξ /∈ S. Then X \ S admits a condensation f onto a compact space
Z =
⊕
{Kα : α ∈ Λ}
⊕
{p} so that f ↾ (Xα \ S) = fα for each α ∈ Λ and
f(ξ) = p, where a basic neighbourhood of the point p contains of all but
finitely many sets Kα.
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Remark 2.16. The previous theorem is not true in the class of (strictly) aτ -
subcompact spaces. In [27], it was considered a space X such that X
⊕
X
admits a consensation onto a metrizable compact space (moreover, X
⊕
X
is strictly aτ -subcompact), but X is not subcompact.
Theorem 2.17. Let X =
⊕
{Xα : α ∈ Λ}
⋃
{ξ}, where Xα is an (strictly)
aτ -space for each α ∈ Λ, ξ /∈
⋃
{Xα : α ∈ Λ} and X is Hausdorff. Then X
is an (strictly) aτ -space.
Proof. Note that the space X admits a condensation onto Y =
⊕
{Xα : α ∈
Λ}
⋃
{ξ}, where a basic neighborhood of ξ contains of all but finitely many
sets Xα. By Theorem 2.15 and Proposition 2.1, the space Y is an (strictly)
aτ -space.
In [12] (Theorem 13), it is proved the following theorem.
Theorem 2.18. Let X =
∏
{Xα : α < τ} be product of non-trivial com-
pacta. Let f : X → Y be a continuous surjection such that the cardinality
|fpi−1A piAx| > ℵ0 for any A ∈ [τ ]
<ω and x ∈ X. Then Y is a strictly a-space.
An amplification of this theorem is the replacement of the condition
|fpi−1A piAx| > ℵ0 with the condition fpi
−1
A piAx 6= fx.
Theorem 2.19. Let X =
∏
{Xα : α < τ} be product of an infinite number
of non-trivial compacta. Let f : X → Y be a continuous surjection such that
fpi−1A piAx 6= fx for any A ∈ [τ ]
<ω and x ∈ X. Then Y is a strictly a-space.
Proof. Let x ∈ X and A ∈ [τ ]<ω. We show that the set fpi−1A piAx is un-
countable. On the contrary, suppose that fpi−1A piAx is countable. Then
the compact space P = pi−1A piAx =
⋃
{pi−1A piAx ∩ f
−1y : y ∈ fpi−1A piAx} is
the sum of countable collection of compacta pi−1A piAx ∩ f
−1y. So there is
y ∈ fpi−1A piAx for which IntP (pi
−1
A piAx ∩ f
−1y) 6= ∅. There is a basic open
set U =
∏
{Uα : α ∈ B} ×
∏
{Xα : α ∈ τ \ B} where B is finite and
Uα is open for all α ∈ B. U ∩ pi
−1
A piAx 6= ∅, f(U ∩ pi
−1
A piAx) = y. Then
fpi−1A∪BpiA∪Bx
′ = y = fx′ for any point x′ ∈ U ∩ pi−1A piAx, which contradicts
the condition of the theorem. We proved that |fpi−1A piAx| > ℵ0 and, thus, all
the conditions of Theorem 2.18 are met.
Corollary 2.20. Let X be dyadic compact and χ(x,X) > m for each x ∈ X .
Then X is a strictly am-space.
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Proof. By Theorem 2.18 and Theorem 11 in [12].
In ([12], Theorem 7), it is proved that a product X =
∏
{Xα : α < τ} of
non-trivial compacta Xα is a strictly aτ -space.
If we require that every Xα be a subcompact space, we get the following
proposition.
Proposition 2.21. The product X =
∏
{Xα : α < τ} of non-trivial subcom-
pact spaces Xα is strictly aτ -subcompact.
Proof. Since Xα admits a condensation onto a compact space Kα for each
α < τ , it is sufficient to note that X admits a condensation onto the compact
space K =
∏
{Kα : α < τ}. By Theorem 7 in [12], K is a strictly aτ -space.
By Proposition 2.1, X is a strictly aτ -subcompact space.
In particular, we obtain that an infinite product of non-trivial subcom-
pacts is a strictly a-subcompact space.
Note that a continuous image of an infinite product of non-trivial sub-
compact spaces may be not subcompact.
Example 2.22. Let X = N×
∏
{Dα : α < ω1}, where Dα = {0, 1} is discrete
for each α < ω1.
Consider a condensation f : X → Y where Y = Q ×
∏
{Dα : α < ω1}.
The space Y can be represented in the form: Y =
⋃
{{p} × C : p ∈ Q}
where C =
∏
{Dα : α < ω1} is the Cantor cube. Thus, Y is the countable
sum of compacta with an empty interior (Y is a space of the first category)
and, hence, Y cannot be condensed onto a compactum (a compact space is
a space of the second category).
In ([12], Theorem 5), it is proved that the product of a compact space
and a metrizable compact space without isolated points is a strictly a- space.
Proposition 2.23. If X admits a condensation onto a metrizable compact
space without isolated points and Y is subcompact, then X × Y is a strictly
a-subcompact space.
Proof. Let ϕ : X → X1 be a condensation from X onto a metrizable compact
space X1 without isolated points and suppose ψ : Y → Y1 is a condensation
from Y onto a compact space Y1. f : X × Y → X1 × Y1 where f(x, y) =
13
(ϕ(x), ψ(y)) is a condensation from X × Y onto a compact space X1 × Y1
without isolated points. By Theorem 5 in [12], X1 × Y1 is a strictly a-space.
By Proposition 2.1, X × Y is a strictly a-subcompact space.
Question 2. Will the product of a (metrizable) compact space and a
strictly aτ -subcompact space be a strictly aτ -subcompact space?
In [12] (Proposition 4), it is proved the following result.
Proposition 2.24. There are ordered compacta X and Y such that X × Y
is not an a-space.
Question 3. Suppose that a strictly aτ -space Z is represented as Z =
X × Y , where τ ≥ ℵ0. Will at least one of the multipliers be a strictly
aτ -space?
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